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BAXTER ALGEBRAS AND HOPF ALGEBRAS

GEORGE E. ANDREWS, LI GUO, WILLIAM KEIGHER, AND KEN ONO

ABSTRACT. By applying a recent construction of free Baxter algebras, we ob-
tain a new class of Hopf algebras that generalizes the classical divided power
Hopf algebra. We also study conditions under which these Hopf algebras are
isomorphic.

1. INTRODUCTION

Hopf algebras have their origin in Hopf’s seminal works on topological groups in
the 1940s, and have become fundamental objects in many areas of mathematics and
physics. For example, they are crucial to the study of algebraic groups, Lie groups,
Lie algebras, and quantum groups. In turn, these areas have provided many of the
most important examples of Hopf algebras.

In this paper we construct new examples of Hopf algebras. Our examples arise
naturally in a combinatorial study of Baxter algebras. A Baxter algebra [1] is an
algebra A with a linear operator P on A that satisfies the identity

P(x)P(y) = P(zP(y)) + P(yP(x)) + AP(zy)

for all x and y in A, where )\, the weight, is a fixed element in the ground ring
of the algebra A. Rota [17] began a systematic study of Baxter algebras from
an algebraic and combinatorial perspective and suggested that they are related to
hypergeometric functions, incidence algebras and symmetric functions [18], [19]. A
survey of Baxter algebras with examples and applications can be found in [18], [19],
as well as in [7].

Free Baxter algebras were first constructed by Rota [I7] and Cartier [3] in the
category of Baxter algebras with no identity (with some restrictions on the weight
and the base ring). Recently, two of the authors [§], [9] have constructed free Baxter
algebras in a more general context including these classical constructions. Their
construction is in terms of mizable shuffle products, which generalize the well-known
shuffle products of path integrals as developed by Chen [4] and Ree [13]. Here we
show that a special case of the construction of these new Baxter algebras provides
a large supply of new Hopf algebras.

The divided power Hopf algebra is one of the classical examples of a Hopf algebra,
and it is not difficult to see that this algebra is the free Baxter algebra of weight zero
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on the empty set. The new Hopf algebras presented here generalize this classical
example. In particular, we show that the free Baxter algebra of arbitrary weight
on the empty set is a Hopf algebra.

Here we describe the construction. Let C be a commutative algebra with identity

1, and let A € C. Define the sextuple A = A, def (A, p,m, A e, S), where

(i) A=A\ = @ Cay, is the free C-module on the set {a,}n>0,
n=0

(i) w=pr: A®c A — A,

m Sk
Am Q Gy Z)\k (m " ) (:L) Am4n—k,

k=0 "
(#i1) n=mnx:C— A, 1+ ao,
n n—k
(iv) A=A\:A— ARc A, a, — Z Z(—/\)kai ® Ap—k—is
k=0 i=0
1, n=0,
(v) e=ex:A—=C, ap— < AN, n=1,
0, n>2,
- n—3
] =S\:A— A, a, -1H» A" ay,.
(vi) S =5, — A, ap, — (—1) ;(0_3) a

Here for any positive or negative integer , (z) is defined by the generating function
(1+2)* = Z (:) 2. Tt was shown in [§] that (Ay, ux,75) is a Baxter algebra of

weight A with respect to the operator
P: A)\ — A)\, Ap > Qp41.
The main theorem in Section [ is

Theorem 1.1. For any A € C, Ay is a Hopf C-algebra.

When A = 0, we have the divided power Hopf algebra. In general, A, will
be called the A-divided power Hopf algebra. The divided power algebra plays an
important role in several areas of mathematics, including crystalline cohomology
in number theory [2], umbral calculus in combinatorics [16] and Hurwitz series in
differential algebra [I0]. We expect that the A-divided power algebra Ay introduced
here will play similar roles in these areas. To describe the application to umbral
calculus, we recall that a sequence {p,(z) | n € N} of polynomials in C|x] is called
a sequence of binomial type if

n
palz+y) =) (:) Pr—k(2)pr(y)
k=0
in Clz,y]. The classic umbral calculus studies these sequences and their general-
izations, such as Sheffer sequences and cross sequences. It is well known that the
theory of classic umbral calculus can be most conceptually described in the frame-
work of Hopf algebras. Furthermore, most of the main results in umbral calculus
follow from properties of the divided power Hopf algebra structure on the linear
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dual Home (C[z], C), usually called the umbral algebra (see [12], [15] for details).
This algebra is the completion of the divided power algebra equipped with an um-
bral shift operator which turns out to be a Baxter operator, making the umbral
algebra the complete free Baxter algebra of weight zero on the empty set. See [6] for
details. A program carried out there gives a generalization of the umbral calculus
using the A-divided power algebra.

It is natural to ask whether these Hopf algebras are isomorphic for different
values of X\. We address this question in Section [3] and obtain the following result.

Theorem 1.2. Let A\, v be in C.

(1) If (N) = (v), then Ay and A, are isomorphic Hopf algebras.

(2) Suppose C is a Q-algebra. If Ay and A, are isomorphic Hopf algebras,
then (\) = (v).

(3) If Ay and A, are isomorphic Hopf algebras, then \/(\) = /(v).

We also prove a stronger but more technical version of the third statement in
Proposition B4l

According to Theorem 2] for any C, there are at least two non-isomorphic M-
divided power Hopf algebras, namely Ag and A;. Furthermore, if C is a Q-algebra,
then there is a one-to-one correspondence between isomorphic classes of A-divided
power Hopf algebras and principal ideals of C'. For other examples, see Example 3.0

2. ON A-DIVIDED POWER HOPF ALGEBRAS

Since the constant A € C' will be fixed throughout this section, we will drop the
dependence on the subscript A. In section [Z.1] we recall the defining properties of
a Hopf algebra. The remainder of the section establishes that Ay satisfies these
properties. Since two of the authors proved that (A, u,n) is a C-algebra [8], the
proof of Theorem 1.1 reduces to a step-by-step verification of the defining properties
of a Hopf algebra.

2.1. Preliminaries. Here we recall some basic definitions and facts for later ref-
erence. All tensor products in this paper are taken over the fixed commutative
ring C. Recall that a cocommutative C-coalgebra is a triple (A, A, e) where A is
a C-module, A : A - A® A and € : A — C are C-linear maps that make the
following diagrams commute:

A A AsA
(2.1) la | idea
A9A 22 AgApA

CoA 9 A4 1% AxcC

(2.2) N Ta s
A
A

(2.3) A/ \A

TA,A

AR A — AR A
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where T4 4 : AQ A — A® A is defined by 74 4(x ® y) = y ® z. The C-algebra C
has a natural structure of a C-coalgebra with

Ac:C—-C®C, c—c®1, ceC
and
€c=idclc—>0.

We also denote the multiplication in C' by uc.

Recall that a C-bialgebra is a quintuple (A4, u,n, A, &) where (A, u,n) is a C-
algebra and (A, A,¢e) is a C-coalgebra such that g and 7 are morphisms of C-
coalgebras. In other words, we have the commutativity of the following diagrams.

A®A £ A
(2.4) (id®T@id)(A8A) | la

AQARARA "% AgA

AA =5 cCceC

(2.5) lu l Hc
A LN C
C S.A

(2.6) I ac la

coC ™I AgA

c A, A
(2'7) id \ /6
C

Let (A, p,m, A, €) be a C-bialgebra. For C-linear maps f, g : A — A, the convo-
lution f % g of f and g is the composition of the maps

A2 404240425 A
A C-linear endomorphism S of A is called an antipode for A if
(2.8) Sxidg =ida*S =noe.
A Hopf algebra is a bialgebra A with an antipode S.
2.2. Coalgebra Properties. We verify that (A4, A,¢) satisfies the axioms of a

coalgebra characterized by the diagrams (210), ([Z2) and ([Z3).
To prove (ZI0), we only need to verify that, for each n > 0,

(2.9) (A ®id)(A(ay)) = (Id@A)(A(an)).
Unwinding definitions on the left-hand side we get

i 14

n n—k
(A@id)(Adan) =Y > 3 Y (", @ ai 1 @ an_i.

k=0 i=0 ¢=0 j=0
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Exchanging the third and the fourth summations, and then exchanging the second
and the third summations, we obtain

n n—kn—ki—j

(A ®id)( Z Z Z Z Nt @ai - @ an_p—.

k=0 j=0 i=j5 £=0

Replacing i by ¢ + j gives us

(A ®id)( Z Z Z Nt @ai o @ an_k—i—j

Exchanging the third and the fourth summations, followed by a substitution of i
by i + £, gives us

(A ®id)(A z":

We get the same expression after unwmdmg definitions on the right-hand side. This

proves equation (29)).
Before proving the commutativity of diagram (2.2 we display a lemma.

—k—1q
A+
E a; ®a; @ ap—k—i—t—j-

Lemma 2.1. For any integers n and ¢ with n > £ > 0, we have

n—~4 =n
(2.10) Y (Nrelan—r-r) = { (1) ﬁ;n

Proof. When ¢ = n, we have

n—~_

Z(_)‘)kg(an—é—k) =¢(ap) = 1.
k=0
When ¢ < n, we have
n—~4
D (N *e(an—-k) = (=N e(ar) + (=N “e(ao)-
k=0

By the definition of e(a,,), the right-hand side is
(=" I+ () =0
]

We can now prove ([22). Consider the left triangle in (22). For each n > 0, we
have

n n—k
(e ®id)(A ZZ e(a;) ® ap—g—i.
k=0 =0
A substitution ¢ = n — k — £ and then an exchange of the order of summations give
us
n n—~¢
(e@id)(Aan) = (D (=N ’e(an—r—r)) @ ar,

£=0 k=0
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which is 1 ® a,, by Lemma [2Z1] This proves the commutativity of the left triangle
in (22).

The proof of the right triangle in (2:2)) is similar.

The cocommutativity of diagram (2.3) is easy to verify:

n n—k

Taa(A(an) =D ) (=N Fan_p—i @ a;.
k=0 i=0
After replacing ¢ by n — k — j, we see that it is the same as A(a,,).
Hence we have shown that (A, A, ¢) is a cocommutative C-coalgebra.

2.3. Compatibility. We now prove that the algebra and coalgebra structures on
A are compatible so that they give a bialgebra structure on A.
Since
e(n(1)) = e(1) = e(ao) = 1 =id(1),
we have verified the commutativity of diagram (2.7)).
We also have

(n@n)(Ac(1)) =nen)1e1)=a ©a
and
0 0—k
A(n(1)) = Afao) = Z Z(_/\)kai ® ag—k—; = ao @ ao-
k=0 i=0
This proves the commutativity of diagram (2.0)).

We next prove the commutativity of diagram (2.5). We have
11, (m,n)=(0,0),

AL®l, (m,n)=(1,0),
(e@e)(am®@an) =4 1®AL, (m,n)=(0,1),
M@AL (myn) = (1,1),
0, m>2orn>2.
So
1, (m,n) = (0,0),
B Al,  (m,n)=(1,0) or (0,1),
pe((e®@e)(am ®an)) = A21, (m,n) = (1,1),
0, m>2orn > 2.

On the other hand, we have

(lam ®an)) = e (i \ (mt:>

So when (m,n) = (0,0), we have
e(ulao ® ag)) = e(ag) = 1.
When (m,n) = (0,1), we have
0 .
e(p(ao ®ar)) = Z N (1:) (S) e(a1—;) = e(ay) = A1.

=0
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By the commutativity of the multiplication p in A, we also have
e(plar ® ag)) = AL.
When (m,n) = (1,1), we have

e(u(ar1 ® ay)) i;x (21i) (1) e(az—;)

= A1,

When n > 2, we have m+n —i > 2 for 0 < ¢ < m. Thus e(amtn—:;) = 0 and
e(p(am ® an)) = 0. The same is true when m > 2 by the commutativity of .

Thus we have verified the commutativity of diagram (2.3).

The rest of this section is devoted to the verification of the commutativity of
diagram (24)). In other words, we want to prove the identity

(2.11) A(p(am @ ay)) = (1@ p)(id @74,4 ® id)(A @ A)(am @ an),

for any m,n > 0. The left-hand side can be simplified as follows:

m mitn—im+tn—i—

S S e () () o

i=0 k=0 7=0

m+n m+n—it m+n—i— k

=X X X o () (D) e anin i
i=0 k=0 j=
((T):Ofori>m>

m+n m4+n—jm+n—j—k n )
k [ mtn—i m
= E E E )\lJr ( ) ( . ) a; & Gmtn—i—k—j
m [
1=

(exchangmg the ﬁrst and third summations)

m+n m+n—im+n—j—k -
j m
=2y X e () )o o
m m4n—j—k—~¢
7=0 k=0

(letting i = m +n — j — k — £ in the third sum)

m+n m+n—j m+n—j—~£ k4t
\mn—i—L _1k(3 ) m a;: @a
S e (TRt () ()

k=0

(exchanging the second and third summations).

We next simplify the right-hand side of equation (2I1)). Unwinding definitions
we see that the right-hand side is

m—k n n—€ i m—k—i

- (_1)k+€>\k+€+u+v
Y z

k=0 i=0 ¢=0 j=0 u=0

z+] u m4n—k—i—€—j—v m—k—1i
Citj—u & OmAn—k—i—l—j—v-

m—k—i v
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By substitutions

b=i+4+j—u,
e=m+n—k—i—j—~f—v

where we treat u and v as the variables, we obtain

m m—k n n—{itj ntm—i—j—k—¢
§ § § § (_1)k+€>\m+n—b—e
k=0 i=0 ¢=0 j=0 b e=n—_{—j

=

% e m—k—i
00 Jwo
7 i+j—b m—k—1 m4n—i—j—k—L—e

Because of the nature of the summation limits, we cannot yet exchange the order
of the summations as we did for the left-hand side of equation (ZIT). But we have

Lemma 2.2.

z": (_1)k+€/\m+n—b—e

J J
) e m—k—1
ap @ Qe
i+j—b m—k—1i m4n—i—j—k—~f0—e

m+n m+n
E § kJrZ >\m+n7bfe

l= =0 b=0 e= O
b % e m—k—1
X ap X Qe.
7 i+j—b m—k—1 m4n—i—j—k—L—e

Proof. Note that we have m,n,b,e > 0 by assumption. Also for any integers x, y
with x > 0and y <0 or x > 0 and y > x, we have (5) =0. So

k>m:>m—k—i<0:>< ¢ )—0.
m—k—1

This shows that we can replace the first sum on the left-hand side of the equation
in the lemma by the first sum on the right-hand side. Similarly, we have

i>m—k = m-k-i<0=(, 5% ,)=0,
{>n = n—fl—-j<0= njfj =0,
j>n—4 = n—l(—-j<0= n";jgzo,
b<j = (?):o,
b>i+j = z+]—b<0:>(z+j b):o,
e<n—j—/{ = nj;g):o,
e>m+n—i—j—k—4 = m—k—i ):0,

m4n—i—j—k—~f—e

Considering, in addition,

() ()= C) ()
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e m—k—1 e n—_L—j
m—k—1 m4n—i—j—k—L—e o n—_L—j m+n—i—j—k—L—e ’

we see that each of the other sums on the left-hand side of the equation can be
replaced by the corresponding sum on the right-hand side of the equation. This
proves the lemma. O

and

Continuing with the proof of the commutativity of the diagram (Z4)), we see
that the limits of the sums on the right-hand side of the equation in Lemma[22] are
given by the same constants. Thus we can exchange the order of the summations
and get

Z Z (_1)k+£)\m+nfbfe

0 =0
% e m—k—i
ap @ Qe
i+j—b m—k—1i m4n—i—j—k—~f0—e

_1)k+€)\m+n—b—e

b i m—k—1
X ap @ Qe.
7 i+j—b m—k—1 m4n—i—j—k—L—e

Now by the same argument as in the proof of Lemma B2l we obtain

|
(]

[

m-+n m+n m+n m+n m+n m+n

SIS I 9D SEHEC G

b=0 e=0 k=0 i=0 (=0 j=0
b Q e m—k—i
X ap X ae
i i+j—b m—k—1i m4n—i—j—k—~f—e

s b A o
- Z Z Z Z (= 1)k ymetn—b—e
=0 j=b—

<0 (i) (i) (ol e
i i+j—b m—k—1i m4n—i—j—k—~f—e

Comparing the right-hand side of the above equation with the simplified form of
the left-hand side of equation (2.11]), we see that to prove equation (2.11]), we only
need to prove

m+n b—e
Z k (b+e+k m
m+n—b—e—=k
m—im+4n—i—j— . .
k+€( ) i e m—k—i
=0 j=b—i k=0 —o 7 i+j—b m—k—1 m4n—i—j—k—Ll—e

for all m,n,b,e > 0 with b+ e < m + n.

iM@
A
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Using the substitutions

j=b—i+c
k=m-—1i—a,
f=n—-b—c—e+it+a—d

on the right-hand side of equation (2.12)) gives us

b m—imtn—i—j—k—e ) )
Z Z (_1)k+€ (b) 7 e m—k—1i
X i i+j—b m—k—1i m4n—i—j—k—~{0—e

i=0 j=b—i k=0 £=0

b

e+ita

ot (O (O G G

Thus to prove equation (Z.12), and hence equation (2.11]), we only need to prove
the following theorem.

=b
b i m—in—b—c
0

i=0 ¢=0 a=0 d=0

Theorem 2.3. If m,n,b and e are nonnegative integers satisfying

m+n>b+e,
then
m+n—b—e

e b+e+k m
_1\ym+tn—e—b _1\k
(=1) Z (=1) < m ><m+n—b—e—k>

k=0
b i m—it n—e—b+i—c+a .
- oo (D) () e )
) c a d )’
i=0 ¢=0 a=0 d=0

Proof. By replacing k by m +n —b — e — k in the sum on the left-hand side of the
above equation and using the fact that [20]

: a i a—1
Sor ()= ("5
d=0 J
(notice that this means that < _jl > = (—1)7), the problem is reduced to showing
that

Sy e ()00 ()

=0 ¢=0 a=0
(2.13)

m+n—b—e

e ()

k=0

Using the classical summation of Vandermonde [20],

S(0) ()= (),

in the summation on ¢ on the left-hand side of [Z1I3]), we find that [ZI3) reduces
to
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b m—i .
Z (_1)nfefb+i+a b € a+i—1
, . i a n—e—b+i+a

:Yn+nz—:b—e(_1)k<m+£—k ) ( r:)

k=0

(2.14)

Now set T = a + i. By the Vandermonde summation again, we find that the
left-hand side of (2:14)) becomes

%;(_1>n_e_b+T< ; ) ( T ) ( n—eb4T )
= e (M) (e Daer )

Therefore, it suffices to prove, by letting H = b+ ¢ in (2.14)), the following identity:

()

k=0

“ser () (ate)

T<m

(2.15)

For brevity, write (Z15) as
(2.16) L(m,n) = R(m,n).

Clearly we have the following:

(2.17) L(m,0) = L(0,n) = R(0,n) = R(m,0) = 1,
(2.18) R(m,n) — R(m —1,n) = (1)n+mH( Z > < nfn;_lH ) .

Therefore, we have

R(m,n) — R(m—1,n)— R(myn—1)+ R(m —1,n—1)
_( 1n+m H

v () (r)
(1) ()

Using the fact that

() =G ).

S m

Ry
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we find that

L(m,n) — L(m —1,n)

Therefore,

Lim,n)—L(m—-1,n)—Lim,n—1)4+ L(m—1,n—-1)

(2.20) _ (_1)n+m—H( Z > < n+77n;—H )

Thus we see that ([2:19) and (2:20) show that L(m,n) and R(m,n) satisfy the
same bilinear recurrence. Since they have the same initial values, we have that
L(m,n) = R(m,n) for all nonnegative n and m. O

2.4. Existence of an Antipode. We now show that the linear map S defined
in Section [Mis an antipode on the bialgebra Ay, thus making the bialgebra into a
Hopf algebra.

Since A is commutative, we only need to prove

po(S®id)oA=noe.
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From the definitions of € and 7, we have

ao, n:O7
noe(an) =4 Aag, n=1,
0, n > 1.

Thus to prove that S is an antipode on A, we only need to show that

ao, n= 07
(2.21) p(S ®id(A(ay))) =< Aag, n=1,
0, n > 1.

Recall that we have defined the C-linear map S : A — A by
- n—3
S(an) = (—1)" A"V ay,.
@)= 3 (1) e

Using this and the definitions of p and A, we have
u(S ©1d(A(an)))

n n—k i v

-3 E S Snrre (2) (7) (onaie

k=0 i=0 v=0 ¢=0
With a change of variable f =n—k—i+v—w (w=n—k—i+v—{), we get

p(S @id(A(an)))

n n—k 1 n—k—itv

Sy e (U () ()

k=0 i=0 v=0 w=n—k—1
As in the proof of diagram (Z4)), we want constant limits for the summations.

Since (’yc) = 0 for integers z, y with > 0 and either y < 0 or y > x, we have

i>n—k=>n—-k—i<0

n—k—it+v—w

N n—k—i+v—w<O:>< Y ):0, if v <w,
(f):O, if v > w;

w<n—=k—1 = n—-k—t1—w>0

sn—k—i+tv—w>v = ( v ):0;

n—k—it+v—w

w>n—k—i+v = n—k—i+tv—w<0

= (n—k—qi)+'u—w) =0.
Therefore, the last nested sum can be replaced by

Sy ey () ) (L0 e

k=0 i=0 v=0 w=0

e[S () () () e

k=0 i=0 v=0
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Thus to prove equation (ZZII) we only need to prove

Theorem 2.4. For any mtegers n > w > 0, we have

Sy e () )()

k=0 i=0 v=0 v n—k—itv—w

_ { 1, if (n,w)=1(0,0) or (1,0),

0, otherwise.

(2.22)

Proof. The proof of this identity requires only three facts [14]:

0.23) (—iA)_(_l)i(A+iz‘—1>7
w58
(2.25) jﬁ_v%(—l)j < i ) - { 0. otheric.

Hence we have that

>33 () (5) (et )

= e () () ()
CEES (1) () ()

Now by (2:23) and (2:24)) we find that this sum equals

S e (V)2 () (i)

k=0 v=0 =0
-2 (i) (V)
n—k—w v o)
k=0 v=0
By ([225) we find that this sum equals
0, if w>0,
S 2
k T
> (-1 (n_k) ifw=0
k=0

0, if w>0,
1, if w=0andn=0,
1, if w=0and n=1,
0, if n>1.

This completes the proof of Theorem 1.1.
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3. ISOMORPHISMS BETWEEN A-DIVIDED POWER HOPF ALGEBRAS

We will prove the three statements in Theorem [[.2] by proving Propositions B.1]
and[34l To distinguish elements in A-divided power Hopf algebras with various

values of \, we write
A= Carn
n>0
where {ay } is the standard basis.

Proposition 3.1. Let A\, v be in C. If (A\) = (v), then Ax and A, are isomorphic
Hopf algebras.

Proof. Suppose (A) = (v). Then A\ = wv for a unit w in C. Define
@ A)\ - AlM axn Wnau,rp

Then it is straightforward to verify that ¢ is a homomorphism of Hopf algebras.
More precisely, we have

popx = Mo(p® ),
(pR@)oAx = Ao,
polSy = S,o00.

It is also easily seen that ¢ has an inverse given by sending a, , to w™"

Proposition 3.2. Let C be a Q-algebra, and let A\, v be in C. Then Ay and A,
are isomorphic Hopf algebras if and only if (A\) = (v).

axn- U

Proof. By Proposition[3.1], we only need to prove that if 4, and A, are isomorphic
Hopf algebras, then () = (v).

Suppose C is a Q-algebra and Ay, = A,. Let ¢ : Ay — A, be a Hopf algebra
isomorphism. By [6, Proposition 3.2], both Ay and A, are isomorphic to C[z] as C-
algebras with a1 and a,,; as the generators. It follows that ¢(ax,1) =D ;5 CiGu,i
with ¢; € C*. Likewise, ¢~ *(ay,1) = Y_;5; diax,; with di € C*. Then we have

((p@p)oAy)(arx1) = (p@)(1Rar1+arx1®@1—-A®1)

1® Z Ciyi | + Z Ciy; | & 1-A®1

i>1 i>1
—A® 1+ higher-degree terms

and
(Avop)(ara)

= A, E Cily,i

i>1
= aq(l®@ai1+a101-ve®l)
co(1®@ayo+ay1®@a,1 +a,001 —vl®@a,; +a,1 @1)+12®1)

+ o+

—v Z(—y)i_lci (1®1)+ higher-degree terms.

i>1
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Here the degree is the natural one given by the standard basis a, ;. That is, the
degree of a,,; @ a,; is (4, ) with the lexicographic order. Since ¢ is a Hopf algebra
isomorphism, we have

A=v Z(—V)i_lci
i>1

So C\ C Cv. Considering ¢!, we similarly get

=AY (=N,

i>1
So Cv C CA. Then Cv = CA. O

For future reference, we record the following easy corollary of Proposition 3.2
Corollary 3.3. Let C be a Q-algebra and let v be a unit in C. Then A, % Aq.

Proposition 3.4. Let A\ and v be in C. If either

(1) v is not contained in \/(\), or

(2) there is a prime number p such that VP~ is not contained in (X, p),
then Ay 1s not isomorphic to A, as C-algebras.

The third statement of Theorem [[2lfollows from the first case of the proposition.
To display the utility of the second case, we provide the following examples.
Example 3.5.

(1) Let C =Fp[z]/(z") with r > p. Then Az % Ay. Here T is the image of x in
Fpla]/(x7).

(2) Let C = Z[z]/(«") with r > 2. Then Az % Ao (taking p = 2).

Proof of Proposition[34 To consider the case when v is not contained in 1/(\), we
begin with a special situation. (I

Lemma 3.6. Let C' be reduced with characteristic p for a prime number p. Let v
be a unit in C. Then Ag £ A,.
Proof. By [5, Theorem 4.8], the nilradical N(Ag) of Ay is ,,~; Cao,n- By [bl
Lemma 4.9], we have N(4g)? = 0. So we only need to show that A, has no
nonzero nilpotent element x with zP = 0.

Let there be such an element x € A,. Write z = Z;’ik ciay,; with ¢ # 0. Then
by the product formula in A, (see (ii) in the introduction),

o0
P = cﬁaﬁ,k + a term in @ Ca,;
i=kt1
and -
afik = V(pil)kawk + aterm in @ Ca,;.
i=k+1
Therefore,

(o]
2P = czypfla%k + aterm in @ Cay ;.
i=k+1
So we must have ¢/ P! = 0. Since v is a unit, we have ¢} = 0. Since C is reduced,
we have ¢, = 0. This is a contradiction. O
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Continuing with the proof of Proposition B4, we now suppose v ¢ \/m , and
Ay =2 A,. Then v is not nilpotent and (A\) N {v"} is empty. By [L1, Example 4],
the image A\/1 of A in the localization {v™}~1C is not a unit. Let P be a maximal
ideal of {#"}~1C containing A\/1. Then the image X of A/1 (resp. v of v/1) in the
field {v"}~1C/P is zero (resp. a unit). From Ay = A,, we have

({v"}71C/P)®c Ay = ({v"}71C/P) ®c A,.
That is, A5 = Ap. This is a contradiction by Corollary B3 (when the characteristic
of the field {v"}~1C/P is 0) and Lemma (when the characteristic is a prime
number p).

We next consider the case when there is a prime number p such that v?~! is not
contained in the ideal (A, p) of C. We again start with a special situation.

Lemma 3.7. Let C be of characteristic p. If vP~1 is not zero, then A, is not
isomorphic to Ag.

Proof. Suppose A, is isomorphic to Ag. Let ¢ : Ag — A, be an isomorphism of C-
algebras. By [B] Theorem 4.8], the nilradical N (Ag) of Ay is N(C)® (®n21 Caom).

On the other hand, by the product formula for a,, € A, and the fact that
®D,.>1 Cav,n is an ideal of A,, we have N(A4,) = N(C) & L for an ideal L of A,

contained in €0, -, Cay, . Then ¢ induces an isomorphism between the C'/N(C)-
algebras Ag/N(Ag) =2 C/N(C) and A,/N(A,) 2 C/N(C) @ (@n21 Ca,,,n) /L. Tt
follows that L = @n21 Cay . Thus a1 is nilpotent. By [Al Lemma 4.9], N(Ay)?

is contained in N(C)P. So we must have a}, ; € N(C)?. In particular, a, , € C.
But this cannot be true since

oo
P _ o p-1 :
a,1=v"""a,1+ aterm in GB Cay,;

i=k+1
and vP~1 #£ 0. ]
In the general case, consider C =C/(\,p) and let A (resp. 7) be the image of
(resp. v) in C. Then by LemmaB1 Ay % As. So A, % A,. O
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